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I ‘WTHODUCTION

A

Let ¥ be the continvous cunuletive distribu%ion function {e.d.f.)
for the random v riable {r.v.) X and Fr the eapirical c.d.f. determined

by the ordered sample Xl,Xz,...,Xn of Xa Fn is defined by

0 for xcxl
(1.1) F (x)= k/n for xksx<xk+l; kKalyesayn~l
1 for XZXn

it 1s knowm [lj that the probapility P Q“(x)ﬁ Fn(x) +¢, all 8 is &
function independent of F, We wilil use this function to test the
hypothesis F#H aguinst the alternative F=G. Tue power of the test
will be studied for alternatives G such that G(x)4H(x) for 211 x ana
such that
sup [H()'.)-G(X)J: (g, with pre-assignedé?OQ

-0 LX<~

Alternatives of this kind will be called "stochastically couparable,
at distanceé.from H." For brevity's sake we shall refer to then as
alternatives (A).

We assume throughout that HE(F), G&€(F) waere (¥) is the set
of all continuous strictly iucrezeging c.d.f.'s.

We test F=H against F=G by tne iollowing prccedure. To a:xve a
test of sizesAfor sample gize n we will use the value 0 from
Tzvle 1 in {:2_], obtain an ordered s&ipls X ,X X of X, deternin

l’-~2,o.r1u.r1 o

the eavirical c.d.f. of ¥ and reject H if and only if the inecuality

P

1.2) H(x)‘-rn(x) ‘:.'gh,oﬁ

fal.s to nhold {fir all real x.
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The povor of thie t ﬁ§ ig i'.h.e r:ompleznam'b«:.:"-/ c::‘obabiii't.y te

—{';,g) s 7}4,7’- ( ) 1-5;‘” ,3,, mr ail ¥ ! J

_*(l.glim_.,_ : Eeie
“ve have (wri bm,, hereuf r & _Qrggpazui_notmg that H{ 141 for
all x) B onifes ; o e B
; __.: ek g: 3
i PzP@{Xj,caminb-aﬂ—f&,l), L-—l,......,ng gj -
_A___.,_,le’zgf_'{m%ﬁi_ﬁ C S DT, _;;;,a,..,ngew) )
. ; : '«l :tl.“," .« g™ \kl’ N 3
=P{6(x; bmmin(GH N €), @THL)), 1l ...,n!’ {; :

Define the fx,mntiou L by

Tas A l(V) o Pon VAD

: oy V90 4

{1.5) O L(v)= GHL(V) . . . for G4l
: Jin "'1(\r) fox Vzl

TEo e K‘_’“*l P
Racall that U=G(X) hm:: the rectangular distribuidion £ iu the unit

iﬁtewal_ Hhen' X has c.d.f. & We conc.lude,,.
(10 6) P:P {U Q:L{ i-‘l T £_) i3 i"“’—ug LR R} ’).. Rzi
i , ot

Cleurly UysUpsreesl ) ir ua ovdered sample of the U's, Since the
joiny probebility distribution of (IIl,U?;. “’Un) is equed o nl for

OﬂilﬁszﬁméUnS.l and zero slsgevhere, we have

1,(9{ (-m) { LE ;g
i
{1.7) Prent § " <eo] (’zUﬂ-....,ﬁi;z&nJlu
!
{ 1 !
o O } v, ; B o






4
IT  ALTLWATIVES (a)

For given npothesiz H, we consider nere alternutives G such that
G(x) H(x; for all x and such tnat -2 (H{x)~6(x)] = § for
sTe~issigned § »C. 1In view of the assucstion that B& (F), 6 €(F),

the supremua is actually attuined, say =t X, . Thut is,
H(X ) -G(X,) =§.

Foxr intuitive reausons one .iay ex.ect that under tnese restrictlons
the powar of our test will be close to its mini.mm when G is close to

the function G* defined by

(ﬁ(x) for x<H"°l(U°)
(2.1) G (x) = ) U, for HHUg)Sx<xo
\i(x) for x3X,

To verify thie conjecture we consider

fv for 0& V<,
UO

] tor U, LVeaV
(2 .2) HVy=cawlW)= { N =2

v for Vo-_t._‘J <1
( 1 fer V221
\—‘

where Vo =H( Xo) "
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:s"

'.e\-'
’

(z.3) = |n( V- € J
,@t:@(l— £}

wnere [AJ = createst intescr less tnan A .

Llo

-‘

We nant to snow L{V)&L¥(V)

eV <]
(2.4) L{V)s.V.
Supoose X=d™HV). The: V= H{x) and G(x) = ™ (V) LYY,

aoreiotion GlgL H() , ta=reiore L{ V)&V,

i

we note nast ta L for i+ 15 a8k s 'nu\'i}—%-i-ﬁﬁ% rE V.
255 Lig + €)LLV iz U for ;+1%ag%k.
Suaning up
L(V).‘.’av-» Vi for 0=V«l, ~nd \’56V<£l,
walen euns
(2.6) L{%f&).‘.iL*(ﬁ +€) for 0&nS; ano k+1l%€nsd

Further, L(V&S1l always, so

(2.7) LA rE)S1=4E+€) tor £+ 1Kn.

for a1l V. %e note first tn.t for

By

Taer: {ore

i (o ¥ . PR TRy Foyoes 3 . 3 \ ¥
Feraulas (.5, (2.6), (-.7) show us zuat re.lacing in (1.7) the

etion L by toe function L* in tue uwoper Linits of integration will



not decre~se tnese liniite, Heuce

R A £4e 1

{2.8) P=n!

e 3t b - A1 =31 it
dUnnOOQK{e 42QJ1"1."QGUK"'/ dUkl_lpoqd j*’zn.bjflnc‘al.lzoul s

Lenote the intesral om tae riat by f . We ;roceed i evaluste Ts

oy Pmy = 5 a5 &
sy (7,3) of 2, we nuve

i

”U c.odu L -“r;{j iU e ." 10
5’1'1 +4 ksl 4&}2@1,“}“ d)zcwl 0

Instend we svaluate g 3liutel nore onersl eXression. Fe shall

3, e ol g .~ -
have ocessisn bo ugs Lt loter tu ouy aissusslon as v@LL S 1I0Ws

}ddb".’.lh ,.,dl/d’zcji

J+i






(€

al
= e |
Ceplatl)+l f! [ P
G \nr T . by

Tais ronolees the prsci of Lenma 1.
Evoression (7,10} i evuiucted IToa {2e i)

chan s of varizb.es

(2.13) .

=7

w, .- :
/2 SRS S M <

:Ath Jrespian unity. {2.10) oacones

—— i {"3 (ﬁ*@ Laliplyd 8
m~_2 SERE L . - -,

Losvy] hrvf""k-l
‘n

where @ =5tk 45 11

R eyt

B (d=i) [c (d41) gl

a

PR el ; ali s .
~d+(m+1,+l_‘£ {—: C+(x:1¢4.)+.1

i

e

-~ )
4 -k

» [ A 1\.'._ A Y t {0 i 2 l—'t t,
< (\u-f,\.):‘.l-{.&.) e ) {d4i) $ad (F_’*"x?
\ -

)/ 4 )
/ '\v_"g“‘"\_‘.l
.

. (€ 5/

foliows,

= £-1

a+(meL)+2~t

-

L J



Sunuerizing our wrosress to thls polun, we nazve
Tag 3 - .
Lo=tE g Sig n=ice
- t .\Z] ﬂ% g; '}U I_L-—U A% IS 1{:‘ i
’ H o} o] el
s j » - s ¢ *
3 e , ** iy = e =
: o JUs U . i fp=i-1) 4
5 (Fally i Rmelipis ek el
1 i 0 e pral)ics Y '
- & o & 4 &_Kil i e 3
: {’5 Fo en el o ( ) eyl y
(2:-]-4)..—.-\ ‘ sn-\ uuei (Y‘ o l\l
= i1 Tr TR ki S o § e
}(}A“l 40, Ty U sl
e iy 2wk < :
= dEe ) u T
nl_‘;t‘;_ k‘i"l' (1 k_rl' e l 4o =
In the second integral in {P.1L) write =5 ;

and oluce this factor insice The

Then ve have




' ny‘ induction on k

1) Fork=i %




The for.ula y.elds

-\
~}

bt 2 Dl r o i
S (e -0 ) (g =-U. )
Bl & "t o (&, itd
r=0
1 ‘Oi‘_;]. b4l g - U r,U o b+1 - l"- Wy Ll
=51 2 ¢ r e = )L Uj+l) (a=U)
T O j
3 byl bl
-— i'!"l L(d w UJi'l) -2 (S - UO) J o
Azswae the resull true for &1l k, §J 4 2€£k€n. ‘ihen
Uy TRy
o) i .
‘) lul(“,u)— Q>0 (L" U )) )(U , ‘aaédU:'A
. U U iv-e +< Jvs
iyl 2 % Pngd
e o
:f—l.’* ....,“U iz= )brlJu LU
byl Ju gl Ay L ¥
Ui U
JTt 1
. ybyl
(a=U )"TT U
- 2 O el Q@ sendy
b+l U u 1l Jre
irL 1
, L o¥l _ A=)
1 . a8 s (B = U,.5)
= —— L (a,byl)= ————m—, o
bl m ol (m - j)?
1 (41)¢ byl hilen o \T .
Sy o = o ( e ~ Vgl (U= Uy.y)
")Tl (b -l J)' r=o r e ~ 3 ¥
.y DYl ; =g
J St T e )
bivl (;n-,j)&
b
bi ey ("‘J.) - .
- —— ';1 ( T i 4 J - X f k1
by (1) =378 2,° a Ha-Ug)y (Wg-tysn.
TS0

yor{asl) =
4



Thus we have now:

(2.19) (e

7 B 5o R ";r‘l' (5
fmpai SO oy 3 AT AT
2 (b +k ~3)¢ Y o’
Y= 0 JUl
: +€(U RIS a 3
cf o Jf‘l) U.Ujflo-.u bV .
J

Thie inbteral in the above ex tession is susily eveluated by
Leana 1,

In the notation of tae levaw, tnis integr

~L is ecual to
5 e \ !, 2 :\, =] i L Y e TS
T .(U , bi—k»-j--r)g (b{'}\ ) 3:_]-._ 1 b'r. $1 I‘_& z (b'\"' +L I) :
J 2 (..,—k-{l-—r) 4 Q +=0 t
b Pplidl-r-1 t t_;]
Suamarizing our resulis, we obtain
LELA 3:
= , bt b L3l . T Lykdl-r 4 byk+l-r
2.20) S{a,b)z —————m ( Y{a-U_) [ s -£ Z‘ et
et ] o] o} . .
t Eykyl-r-t b t-1
U -~ - o
( o n €) &+ n) ¢

vhere 3(a,b) is defined vy (2.16}.

Subetituting into (2.15) and 2lter a bit of not difficult aigobra,
ve obtain tns
TUEOnE

Fo: .iven hypcinesis H & (F) and

for «ll alternativies CE(F)
sucih that G(»)€H(x) for all x and such ta-t H(XO) - G(XO) =8 for siven
o

and soae A, thz sower Hf tue test descrivcad in toe intvoduction is al
lea t as lurg2



(2.21)
at I=n-§1 12 - jtn 2=
=0 r o
n-"\{;l t
- b, R r t n-r-t t, t-1
€ & & ) U (U -€) GRS
A Vex2 . y
: = n-% 2/ r,2/~1-r
i 2 0 Y Fae )™
.-é. 2/’ ) :
- - .] -
= n-1 N n-2/12/ %
f-‘2/=k-~2 r=0 tE-:O (n- Z’»r»tl(l—&- %) (ﬁ 1‘-2.-!10) =
' t t-/—l-r-—t 4 t-1
(bo" f "5.) (24 l-’.))
£ 2y
- 2 (B )1 -¢ ‘-j)n’ ACoPR )ruf/‘r
=k+1 0 n—I/,r n n [e] Q
£ Y -k-1
+€ {LV( n leg. A=Y/, o i \T
2/:%}»1 2 £ a-2r,+) (1€ BT ey
t lrat,.  tyt-l
(Uo— = -€) (e+ ;1)
and wiiere

( n nio
0,b,..) ETBL...(n- o= T=rva)?

1ris lower bourd =8 a function of H(XO), 8, ¢ cunnot be inproved,

since tor any _iven H&(F), X,» &, and Swve can construct a GE(F)

arbitrarily close to G¥.
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The upper bound for ths sower is the saie as thut obtained in
[3) although ¢ different sitzrmutbive is corncidared tneve. The uwipsr

bound is

m 3 3 P
1>=;o (9 (1-e48-2) " Hg-g+ Hi-d forgZ 5

where m= [n(l —545)J and tne upper bound 1 forg < 5. This ugper

bound cannot be ilaproved.



‘:-_59-5% Sty % :

- Z. W Birnba.um,' “01; the powsr e

= contlnuowé’ probab ‘by fw ct.;.cms", %

> i 1313-.-1-#8[»‘4 9



Cnief of Naval liszeurch
(Uffice of Naval hesearch
Washington 27, D. C.
Atin: Code 432

(Aathenatics branch)

Dr. E. Lukacs

iead, Statistics brancn
Qffice of Naval hesearch
Departaent of the Navy
Wasnington 25, D. C.

Scientific Section
0ffice of Naval hesearch
Department of the Navy
1000 Genry Street

San Francisco 9, Calif.
Attn: Dr. J. Wilkes

Director, laval nesearch
Laboritory

Vashing ton 25, L. C.

Attn: Technical Inforaution

Apps
U1ll1iler

Office of the Assistant Nawval

Attache for Reseurcn
Naval Atcache
American Embassy
Navy lo. 100

Fleet Post Office
New York, New York

Director

Office of Naval research
Branch Office

844 North Rusu Street
Chicago 11, Illinois

Director

Office of Naval hesearch
Branch 0ffice

346 Broadway

New York 13, New York

Director

O0ffice of Naval heseaich
Branch Gifice

1:30 East Gresn Street
Pusadena 1, California

5

,
&}

r

8. Haval Ordnence Test Station
nyokern, Cuine Lake, Caiifornia 1

Cnicf of Naval Oyeraticns
Operation Zvaluation Group-QP 374
The Pentayon

Wsshington 25, D. C.

Vo

Office of Neval heszarch
Departient of the Navy
Washington 25, D. C.
Attn: Code 4338
(iiechenics Branch) 2

Office of Naval lhesearch

Logistics Branch ~ Code 436

T-3 Buileing

Wasnington 25, D, C. 1

ASTIA Docuuents Service Center
Knott Bullding
Dayton 2, Ouaio 5

Headcuiirter, USAF
Director of Kesearch &and
Developaent ‘
Weshington 25, D, C.

| ad

Assistant Cnief of Staff, G-4

for leseurch and Development

U. S Army

washington 25, D, C. 1

Chairman

fieseurch and Developaent Board

The Pentaygon

Washington 25, b. C. 1

O0ffice of Technical Servicss
Departasnt of Conuerce
Waeshington 25, D. C. 1

Comiander, Air Io

and Training hesearch Center

Attn: Directcr, Personnel hesearch Laboratory
Lackland Air Force Base, Texas 1



Netional Bureau of Standards

Tagstiwte foy Numerical Anaiusis

wuo nilgard Avenue
Los An_eles 24, Catifirnia

Caief, Stuilistical Engineering
Laboratory

National Bureau of Standurds
Washington 25, D. C.

KAND Corporation
1500 Fourth Street
Sante llonica, California

Applied ifatnenatics and
Statistics Laboruiory
Stanford University
Stanford, Ca_.ifornia

Professor Carl &, Allsndoerfer
Depurtnent of dzinenutics
University of Wasniu;ton
Seattle 5, Washington

Prcfessor W. G. Cochran
Department of Bilostatistics
The Jonns Hogking University
Baltisore S., saryland

Professor benjanin &:stein
Depertment of i{atheuntics
Wayne University

Detroit 1, Micnigan

Professor Herbert Solouon
Teuachers Collegzge
Colunbia University

New York, New York

Professor W. Allen Wallis
Coanittee on Statistics
University of Chicago
Chicago 37, Illinois

Professor J. Wollowitiz
Departuent of lizthenatics
Cornell University
Ithaca, New York

[

wl

1

[

Departaent of Matnematical Statistics
University of North Curolina
Chapel Hill, Korth Carolina

Proiessor J. Neyuan
Statistical Laboratory
Universivy of Celifornia
berkeley, Csiifornia

Professor S. S. Wilks
Depurtient of [futneaatics
rrinceton, New Jersey

2

[



	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022

